Using first-principles calculations we examine the band structures of ferromagnetic hexagonal manganites YXO3 (X=V, Cr, Mn, Fe and Co) in the nonpolar nonsymmorphic P 63/mmc space group. For YVO3 and YCrO3 we find a band inversion near the Fermi energy that generates a nodal ring in the kz = 0 mirror plane. We perform a more detailed analysis for these compounds and predict the existence of the topological "drumhead" surface states. Finally, we briefly discuss the low-symmetry polar phases (space group P 63cm) of these systems, and show they can undergo a P 63/mmc → P 63cm transition by condensation of soft K3 and Γ − 2 phonons. Based on our findings, stabilizing these compounds in the hexagonal phase could offer a promising platform for studying the interplay of topology and multiferroicity, and the coexistence of real-space and reciprocal-space topological protection in the same phase.
I. INTRODUCTION

Ever since their discovery in 1963
1 , the hexagonal manganites (RMnO 3 , R = Sc, Y, In, Dy − Lu) have attracted great interest by virtue of their combined magnetic and ferroelectric order. The hexagonal manganites undergo an improper ferroelectric transition from a centrosymmetric P 6 3 /mmc [194] phase (P3c1 for InMnO 3 2 ) to the polar P 6 3 cm [185] structure at around 1000K; they develop a noncollinear antiferromagnetic ground state at much lower temperatures (for the prototypical example of YMnO 3 , magnetic ordering sets in around 80K
3 ). Multiferroic materials such as the hexagonal manganites are promising for both basic research and for technology due to the possibility for controlling multiple order parameters (via, for example, temperature, magnetic field, or strain) within a single material 4 . Another class of systems of current interest are topological materials, which include, more recently, topological semimetals (TSMs) 5, 6 . TSMs exhibit band crossings protected by crystalline and other symmetries. The nodes in TSMs can be either zero-dimensional, as in the case of Dirac and Weyl semimetals [7] [8] [9] [10] [11] [12] [13] , or they can form a closed one-dimensional ring, which occurs for nodal line (NL) semimetals [14] [15] [16] [17] [18] . As a consequence of their nontrivial topological character, these three broad categories of TSMs host a wide variety of exotic phenomena including ultrahigh mobility, the chiral anomaly, giant magnetoresistance, and unusual surface states, such as Fermi arcs in Weyl semimetals and two-dimensional 'drumhead' states in NLs 19, 20 . The remarkable properties of TSMs and multiferroic materials have sparked interest in compounds that combine the two properties, i.e. multiferroic systems that are also TSMs in either their high-symmetry nonpolar or low-symmetry polar phases [21] [22] [23] . Such compounds can potentially be switched between topological and trivial electronic structure by application of an external field or by tuning temperature through the ferroelectric transition, and they also provide an excellent platform for studying the interplay between the topology, ferroelectricity, and magnetism.
There are several arguments for investigating the hexagonal manganite structure as a possible platform for combining multiferroic and TSM properties. First, the synthesis of hexagonal manganites is well-developed both in bulk and in ultrathin epitaxial film form. For example, RMnO 3 -type compounds that have an orthorhombic ground state have been grown in the metastable hexagonal structure, primarily via epitaxial stabilization on a hexagonal lattice 24 . Second, hexagonal manganites are known to exhibit real-space topological defects in their ferroelectric P 6 3 cm state, which manifest as adjacent domains of opposite polarization directions, with the vortex phase remaining in the nonpolar P 6 3 /mmc space group at low temperature 25 . Such nontrivial real-space topology existing concomitantly with reciprocal-space topological order, i.e the TSM phase, would provide an unprecedented opportunity to explore the interaction between such types of topology.
While the prototypical hexagonal manganite YMnO 3 is insulating in both polar and nonpolar phases with its ground state antiferromagnetic (AFM) order, the band structure can be significantly altered by stabilizing ferromagnetic (FM) order. FM order can be achieved, for example, by application of a magnetic field, or by substituting other transition metal (TM) ions for Mn 3+ to alter the balance in the competition between in-plane noncollinear AFM order and slight out-of-plane canting which is common in the hexagonal manganites 26 . In this work, we undertake a first-principles study of the electronic band structure and its topology in compounds isostructural to YMnO 3 with FM ordering. Specifically, in addition to YMnO 3 , we investigate four other compounds in which the Mn 3+ cation has been substituted with V 3+ , Cr 3+ , Fe 3+ and Co 3+ in order to shift the Fermi level systematically. We predict that nonpolar hexagonal manganites YVO 3 and YCrO 3 have band crossings very close to the Fermi level, and in fact feature topological nodal lines in the k z = 0 plane that are protected by a mirror symmetry. We also predict that they should undergo a ferroelectric (FE) P 6 3 /mmc → P 6 3 cm transition characteristic of the traditional RMnO 3 compounds. Stabilizing this set of compounds in the hexagonal structure should hence provide new opportunities for studying the interaction between topological and multiferroic order.
II. RESULTS
A. Methodology
For our first-principles density functional theory (DFT) calculations, we employ the Vienna ab intitio simulation package (VASP) 27 with generalized gradient approximation (GGA) using the Perdew-BurkeErnzerhof (PBE) functional 28 and projector augmentedwave (PAW) method 29 . We treat 4s, 4p, 5s and 4d, and 2s and 2p electrons explicitly as valence for Y and O, respectively. For the five transition metals V-Co, we include 3p as well as the valence d and s electrons. To account for the localized nature of the d electrons in the transition metal cations, we add a Hubbard U correction (GGA+U) 30 . We apply the rotationally invariant version of GGA+U by Dudarev et al. 31 , and for ease of comparison we choose a U of 3 eV for all elements, a value consistent with previous literature 32 (see supplementary material for further discussion of our GGA+U calculations). We use an energy cutoff of 800 eV for our plane wave basis set, with a Gamma-centered k-point mesh of 16 × 16 × 6 for the 10-atom nonpolar unit cell and 8×8×6 for the 30-atom polar unit cell. Starting from the structures in the Materials Project database 33 , we relax lattice parameters and internal coordinates for all structures until forces on the atoms are less than 0.001 eV/Å. We use collinear spin-polarized calculations to account for the finite magnetic moments of the transition metal (TM) ions. We do not include spin-orbit coupling (SOC) unless explicitly stated. When relevant, we approximate the noncollinear AFM order inherent to the hexagonal manganites 34 with a collinear G-type AFM ordering (GAFM), consisting of a two up, one down (one up, two down) pattern in a given 30-atom supercell for the upper (lower) basal plane 35 (see Figure 1(b) To begin, we focus on the centrosymmetric, nonpolar crystal structure of the hexagonal manganites in the P 6 3 /mmc space group. This YXO 3 (X = V, Cr, Mn, Fe and Co) structure is shown in Figure 1 (a) (YCrO 3 is chosen as the example). The primitive cell consists of two TM atoms, two yttrium atoms, and six oxygen atoms. The TM ions X 3+ are five-fold coordinated by oxygen O 2− , forming trigonal bipyramids, and they lie in the z = While all of our subsequent calculations are performed assuming FM order, we also perform relaxations using the GAFM configuration in order to examine the relative energies of the two magnetic states. We note that at the high temperatures for which the nonpolar P 6 3 /mmc space group is naturally favored over the polar P 6 3 cm space group, the structure is paramagnetic. However, it may be possible to stabilize the nonpolar structure at low temperatures, for example by alloying or introducing defects 39 . The results of our calculations for both orderings are given in Table I . To date, the only crystal in Table I which has been synthesized in bulk P 6 3 /mmc structure is YMnO 3 , with reported lattice parameters a = 3.61Å and c = 11.39Å
40 . Comparing this to our relaxed FM GGA+U results of a = 3.617Å and c = 11.366 A suggests that our GGA+U calculations will be good predictors of experimental lattice constants of the other four compounds.
We also report energy differences between FM and GAFM orderings in Table I . These values may be viewed as a guide since the frustrated collinear GAFM order is an approximation to that of noncollinear AFM. Nonetheless, comparison with collinear GAFM should be useful for predicting the relative ease of stabilizing the FM state in these compounds, for example by application of a magnetic or electric field 41 . Specifically, FM ordering becomes more stable relative to GAFM the further to the left we move on the periodic table, so achieving FM order should be most feasible in the V 3+ and Cr 3+ compounds. Note that when GAFM is enforced, for X = Cr-Co the relaxed O-X-O bond angle between apical and in-plane oxygen atoms differs by less than 0.5
• from the ideal 90
• . However, in the case of YVO 3 the enforced magnetic frustration results in non-uniform magnetic moments on the inequivalent V atoms, leading to a large and unrealistic distortion of the bond angles by as much as 15
• . Including SOC and allowing YVO 3 to relax to the noncollinear AFM should remove this artifact, but to be consistent with the other compounds in Table I we include our results for the collinear GAFM structure; the parameters and energetics for YVO 3 with this enforced magnetic order relative to the other four compounds should be interpreted with appropriate caution. In Figure 2 we present the GGA+U band structures for the P 6 3 /mmc YXO 3 compounds in the FM configuration in the absence of SOC (see supplementary material for GAFM band structures). Because they dominate the states near the Fermi level, we focus on the spin up , 0), boxed in red (upon further inspection the apparent inversion at H is actually an anticrossing). For YVO 3 , the crossings at K are about 80 meV above Fermi level, whereas for YCrO 3 they are about 300 meV below.
We note that GGA+U Kohn-Sham eivenvalues can only approximate single-particle excitations and band structure. Therefore it is reasonable to question whether for GGA+U, and specifically for U = 3 eV, our approach to computing the band structure near the Fermi energy, specifically the band inversions responsible for the nodes in YVO 3 and YCrO 3 , will be predictive. Based on prior calculations for similar oxide systems with V and Cr in the same 3 + oxidation state, a U of 3 eV can lead to band structures that nearly reproduce experimental gaps (see the supplemental material for a detailed discussion). Thus, we have reason to expect our U = 3 eV calculations will be qualitatively accurate for the band inversions near the Fermi energy. We now further analyze the band structure and topology of YVO 3 and YCrO 3 . Orbital decompositions of the two inverted bands reveals that one band is composed of mostly V/Cr d xz and d yz states and the other of d xy and d x 2 −y 2 states. Plotting only these projections, it is clear that at K the bands cross with no mixing whereas at the ( 2 ) H point they hybridize, exchange character, and very slightly gap out (see Figures 3(a) and 3(b) ). In both cases we find that the non-gapped crossings in fact form a pair of nodal lines (NLs) lying in the k z = 0 plane, one centered at K and the other at K (see Figure 3(c) ).
The mirror plane symmetry M z centered at z = is responsible for the protection of the NLs. (Note that with FM ordering and no SOC the magnetic space group is identical to the crystal space group P 6 3 /mmc). The action of M z in reciprocal space is
Thus k z = 0 and k z = π c planes are invariant under M z and can be labeled by its eigenvalues, which are ±1 in the absence of SOC. If two bands with opposite mirror eigenvalues cross on one of these planes due to a band inversion, their crossing is symmetry-protected and they form a closed loop of Dirac nodes (see supplementary material for proof that the band inversion necessarily results in a one-dimensional NL rather than discrete Dirac points). This is the case for K in the k z = 0 plane. However, if the bands have the same eigenvalues they will mix and gap out 42 , which occurs on the k z = π c plane where H lies. In the supplementary material we construct an explicit tight-binding model to calculate the M z eigenvalues throughout the Brillouin zone and thus verify our observations.
Let us now consider what happens when we include spin-orbit coupling (SOC). With SOC, spin and orbital degrees of freedom are coupled and symmetry operators act on both Hilbert spaces simultaneously. Notably for us, a mirror plane symmetry becomes the combination of (a) a reflection of the spatial coordinates about the mirror plane, and (b) a π rotation of the spin coordinates about the axis perpendicular to the mirror plane 10 . Thus, depending on the spatial orientation of the spins, a mirror plane symmetry may either be broken or preserved when SOC is taken into account. For our nonpolar hexagonal manganites, let us first examine the case where the spin orientation is along the [001] axis. In this example, the magnetic point group symmetry is reduced from D 6h in the collinear case to C 6h . In C 6h , the total mirror symmetry is still preserved, since rotating the spins 180 o about the z axis leaves them invariant; thus, the NL should still be protected in the k z = 0 plane in this case. The only difference from the non-SOC case is the functional form of M z due to the requirement that the operator must now be antiunitary, such that spin up (down) bands pick up a factor of +i (−i) when acted on by M z (we include a tight-binding model which incorporates SOC in addition to the collinear tight-binding models in our supplementary material). Taking the example of YCrO 3 , we plot the band structure with SOC for [001] oriented spins and as expected the crossings are still robust.
If we choose, on the other hand, to orient the spins such that they have a component perpendicular to the [001] axis, say in the [100] direction, the magnetic point group is reduced to C 2h . Now the action of the mirror operator will still leave the orbital coordinates in the k z = 0 plane unchanged, but it will send a spin with components (s x , s y , s z ) = (1, 0, 0) to (s x , s y , s z ) = (−1, 0, 0). Hence the mirror plane is no longer a symmetry of the crystal and generically the crossing bands can hybridize and gap out the NL. This is demonstrated in Figure 4 valence band and one of the two near-degenerate conduction bands (the second conduction band passes through the gap). However, the gap is small (order of 10 meV), and we expect qualitative differences from the collinear and [001] oriented cases to be negligible. Finally, we note that the magnetic anisotropy energy E [001] −E [100] is relatively modest ([001] oriented spin is lower in energy than [100] by 18 meV/f.u), implying that it should be feasible to switch between a robust and gapped nodal line within the nonpolar P 6 3 /mmc space group by varying the direction of an external magnetic field.
D. Surface States
A hallmark feature of topological NLs is their twodimensional "drumhead" surface states 43 . These surface states must terminate at the surface projection of the nodal line and they may lie either outside or inside the area subtended by the NL. Using our maximally local- duction bands which are very nearly degenerate for both compounds. Thus, one (two) pair(s) of NLs are actually projected onto on the [001] surface in the case of YCrO 3 and YVO 3 , respectively (see cartoon in Figure  5 (c)). While in principle there is a single surface drumhead state associated with each bulk NL 15 , the projected bulk from the multiple NLs interferes with the surface states, making detection difficult. However, by projecting the tight-binding wave functions onto the outermost cells in the slab we can make out a single surface state (dark blue) which has not hybridized with bulk. It is sandwiched between the pair of NLs in YCrO 3 , whereas in YVO 3 it is visible only in the region between the two NL pairs.
E. Ferroelectric Instabilities of the P 63cm Structure
The topological NLs near the Fermi level occur in the high-symmetry P 6 3 /mmc space group due to the combination of band inversion at K and the R z mirror symmetry. However, as mentioned previously the hexagonal manganites RMnO 3 are known to undergo a ferroelectric (FE) transition to the nonpolar P 6 3 cm space group as the temperature is lowered 44 . Here we verify that the YXO 3 (X = V-Co) compounds in their metastable hexagonal structure also have a lower-energy P 6 3 cm phase connected to the P 6 3 /mmc topological semimetal phase through unstable phonon modes.
We first compute the energy per formula unit of the FM P 6 3 cm polar structures and compare with our previously calculated energies for the FM P 6 3 /mmc nonpolar structures. The GGA+U ∆E = E polar − E nonpolar is given in Table II . For all five compounds the polar phase is lower in energy. Next, we decompose the atomic displacements involved in the distortion from the nonpolar to the polar phase into symmetry-adapted phonon modes using the AMPLIMODES software 45, 46 provided by the Bilbao Crystallographic Server. The primary structural order parameter responsible for the P 6 3 /mmc → P 6 3 cm transition in hexagonal manganites is the unit-cell tripling K 3 phonon mode at q = ( , 0) 44, 47 . As temperature is lowered this phonon can condense, leading to trimerizing tilts of the XO 5 trigonal bipyramids and a subsequent shifting either up or down of the Y ions, as shown in the middle panel of Figure 6 . At this point the P 6 3 /mmc → P 6 3 cm transition has already occurred, but there is no net polarization in the unit cell. The spontaneous polarization is caused by the coupling to K 3 of the zone-centered Γ − 2 mode at q = (0, 0, 0). Γ − 2 causes an additional uniform shift of the Y ions in theẑ direction, resulting in nonzero polarization 48 (right panel of Figure 6 ). Based on the relative amplitudes of the modes (given inÅ) in the P 6 3 cm structures relative to the parent P 6 3 /mmc structures in Table II , we can conclude that the FE transi- Finally, we briefly examine the band structures for the fully relaxed P 6 3 cm compounds in Figure 7 . In addition to the loss of inversion symmetry in the nonpolarto-polar transition, the R z symmetry protecting the NLs in the P 6 3 /mmc space group is no longer a symmetry for P 6 3 cm. Thus, the topological NLs in P 6 3 /mmc YVO 3 and YCrO 3 are necessarily absent. According to our band structure calculations, YCrO 3 becomes a trivial metal. YVO 3 on the other hand develops a 1 eV direct gap in Figure 7 (a). Since this would allow a tuning between a topological semimetal state and a trivial insulator by changing temperature, YVO 3 seems to be the most promising of the YXO 3 candidates for future studies.
III. CONCLUSION
In summary we have performed extensive firstprinciples calculations on five YXO 3 (X=V-Co) compounds isostructural to the hexagonal manganite YMnO 3 . We find that with FM ordering the nonpolar P 6 3 /mmc phase hosts topologically nontrivial nodal lines near the Fermi level for YVO 3 and YCrO 3 . The NLs are formed by a band inversion and protected by a mirror plane symmetry. We show that the YXO 3 compounds are also ferroelectric, undergoing a structural transition to polar P 6 3 cm upon lowering of temperature. Finally, YVO 3 becomes insulating in the polar phase, suggesting the possibility of switching from a TSM to an insulating state concomitantly with the FE transition. In realizing these structures, FM magnetic order must be stabilized in the nonpolar space group; in principle this could be done via application of a magnetic, electric, or even strain field 49 . Although all compounds except YMnO 3 naturally crystallize in an orthorhombic structure, rather than the hexagonal phase studied here [50] [51] [52] [53] , it is possible to synthesize a metastable structure by epitaxial growth on a hexagonal substrate. In fact, this has already been done successfully for the case of YFeO 3 54 . Thus, our studies provide motivation for future experimental work stabilizing the hexagonal FM phases, thereby providing a new opportunity for examining the interplay of multiferroicity and topology. 
